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The sphericity of a graph G is the smallest integer n such that G can be represented asthe 
intersection graph of a family of unit-diameter spheres in Euclidean -space E n. We determine 
here the sphericities of the graph of semiregular polyhedra in E 3 except a few prisms. 
The intersection graph of a family U: of nonempy sets is the graph obtained by 
representing each set in B: by a vertex and connecting two vertices whenever their 
corresponding sets intersect. The sphericity of a graph G, sph G, is defined to be 
the smallest integer n such that G can be represented as the intersection graph of 
a family of unit-diameter spheres in Euclidean n-space E n. As a similar type of 
graph-dimension, there are the boxicity and the cubicity [6]. 
We turn Euclidean n-space E n into an infinite graph by the adjacency relation 
defined x adj y ~-->0 < IIx - y l l  <- 1 (x, y ~ E'). Then every nonempty subset of E" 
induces a subgraph. And the sphericity of a graph G equals the smallest n such 
that G is isomorphic to an induced subgraph of E". For further information on 
sphericity, see [2, 3, 4, 5]. 
Let P be a polyhedron in E 3. The graph G(P) is the graph determined by its 
1-skeleton. By the sphericity of P, sph P, we mean the sphericity of G(P). In 
general sph P can take arbitrary large value. For example, consider the join 
C, +/~2 of an n-cycle and an edgeless graph of order two. Though it is a graph of 
polyhedron (bipyramid), sph(C, +/~2) tends to infinity as n---> oo. 
A convex polyhedron P is said to be semiregular if all faces of P are regular and 
all vertices of P are equivalent (i.e., the group of symmetries of P acts transitively 
on the vertices of P). It is well known that the semiregular polyhedra consists of 
the 5 Platonic solids, the infinite families of 'regular' prisms and antiprisms, and 
the 13 Archimedean solids. 
A semiregular polyhedron other than the tethrahedron has sphericity 2 or 3. 
(The tetrahedron has sphericity 1.) However, it is a slightly annoying problem to 
determine which ones are of sphericity 3. In the following we determine the 
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sphericities of all semiregular polyhedra except he three prisms on a basis with 7, 
8, and 9 sides. (I believe these three prisms have sphericity 3, but I could not 
prove it.) 
We will denote a semiregular polyhedron by a symbol giving the number of 
sides of the faces around one vertex, as usual. For example, (n, 4, 4) denotes the 
prism on a basis with n sides. 
Theorem 1. All antiprisms, and prisms (n, 4, 4) n = 3 or n >t 10 has sphericity 2. 
ProoL Let F, denote a regular n-gon of unit side in E 2. Let A, be the n-gon 
obtained by rotating F, through ~t/n around its center. Then the vertices of Fn and 
An induce together a subgraph of E 2 isomorphic to the graph of antiprism 
(n, 3, 3, 3). Next, consider the prism case. It is obvious that the four vertices of F4 
and the two midpoints of a pair of opposite sides of F4, induce a graph isomorphic 
to the graph of (3, 4, 4). For the case (n, 4, 4) n I> 10, we now want to make a 
small copy 7n of Fn by applying a homothety fixing the center of Fn so that the 
vertices of Fn and 7n may induce together a subgraph isomorphic to the graph of 
(n, 4, 4). To see this is possible, we have only to consider the extreme case 
n = 10. Let R and r be the circumradii of Fao and Fs, respectively. Then 
1 + V5 V/50+ IOV~ 
R = - -  and r= 
2 10 
Let the ratio p of the homothety equal r/R. If x, y, z are some three consecutive 
vertices of Fm and x, y, z are the corresponding vertices of 71o, then 
Ilx - = R - r < 1, - = 1, 
IIx -2112= R 2 + r 2 -  2Rr  cos36  °= 1 .1145 > 1. 
Hence, if we take a sufficiently small e > 0 and reset the ratio p as p = (r + e)/R, 
then things go well. 
Theorem 2. The thirteen Archimedean solids, the Platonic solids other than the 
tetrahedron and octahedron, and the prisms (5, 4, 4), (6, 4, 4) have sphericity 3. 
(The octahedron is an antiprism.) 
To prove this we need some preparations. A line segment xy in E 2 is called an 
edge if xy is of length ~< 1. 
(a) If two edges xy and uv in E 2 cross each other then some three of x, y, u, v 
induces a 3-cycle. Hence the edges of every n-cycle in E 2 form a simple n-gon. 
Proof. Suppose two edges xy and uv cross each other and suppose Z~x is the 
largest angle of the convex quadrilateral fflxuyv. Then ~x is also the largest angle 
of Axuv. Hence uv is the largest side of Axuv and hence x, u, v induce a 
3-cycle. 
A point set X of E 2 is said to be isolated by an n-cycle C,, of E 2, if X lies inside 
C~ and there is no edge connecting a point of X and a vertex of C~. A point set X 
is dispersed if X induces an edgeless graph. The area of a regular n-gon of unit 
side is denoted by tr,. 
(b) No point is isolated by an n-cycle Cn if n <~ 6. In general, ½(n - 
2)] dispersed points cannot be isolated by any n-cycle. 
The values of [4a¢~/n-½(n-2)]  for n=8,  10 are [1.87] =2 and [5.79] =6,  
respectively. 
Proof. Suppose a point x is isolated by a 6-cycle C6. Then every vertex of C6 is 
outside the unit disk of center x. In this case some edge of C6 must be of length 
>1, a contradiction. Similarly, no point is isolated by C~ for n < 6. Now consider 
the case n >6. Suppose k dispersed points x l ,  x2 , . . . ,  Xk are isolated by an 
n-cycle C,,. Let Dn be the domain 'bounded' by the n unit-diameter disks centered 
at the vertices of C,,, see Fig. 1. Then the k unit-diameter disks with centers 
x l ,  • • • ,  Xk are mutually disjoint and all contained in Dn. Hence 
k:~(½) 2< Area of D,. 
Area of Dn = Area of Cn 
When do n unit-diameter disks bound the maximum area, provided that they 
bound an area? If a boundary disk of D~ overlaps its neighboring boundary disks, 
then without decrease of the area of Dn we can push out the disk so that the disk 
may contact its neighbors. Suppose now no two boundary disks of Dn overlap 
each other. In this case the cycle Cn forms an equilateral n-gon of unit side, and 
since the sum of the interior angles of C, equals ½(n - 2)~t, we have 
n -2  
2 
( 
_ _  
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Among all equilateral n-gons of unit side, the regular n-gon encloses the 
maximum area. Hence 
n -2  
Area of D. ~< c~n __  ~(½)2. 
2 
Therefore 
n-2  
- -2 -  
k < 4ar,,/:rt - ½(n - 2). 
and 
Let P be a semiregular polyhedron. Two points x, y of the boundary aP of P 
are called an antipodal pair if the line xy passes through the circumcenter of P. 
The following is a special case of Borsuk-Ulam theorem (see e.g. [7]). 
(¢) Let p be a semiregular polyhedron. Then for any continuous map 
f: aP---> E 2, there is an antipodal pair x, y such that f(x) =f(y).  
We are ready to prove Theorem 2. Let P be an Archimedian solid or a Platonic 
solid other than the tetrahedron and octahedron. Suppose G(P) is isomorphic to 
an induced subgraph of E 2. Then by (a), for each face F of P the boundary cycle 
8F corresponds to a simple polygon of E 2. Hence we can define naturally a 
continuous map f: aP---> E 2 such that each face F of P is carried by f to the 
polygonal region enclosed by the simple polygon corresponding to OF. Suppose 
first P is not the cube. Let GF be the graph obtained from G(P) by deleting the 
vertices of F and the vertices adjacent o F. Then GF is clearly connected and by 
(a) the image f(GF) and f(OF) do not intersect. Hence all the vertices of f(GF) 
are either isolated by f(OF) or lie outside f(OF). However, using (b) and figures 
of semiregular polyhedra (see e.g. Figures of [1, pp. 110-111]), we can check that 
f(GF) has too many dispersed points to be isolated by f(OF). Hence for each face 
F of P, f(Gv) must lie outside f(OF), but this clearly contradicts (c). Now let P be 
the cube. Note that every point inside a 4-cycle C4 in E 2 is adjacent o at least two 
vertices of C4. Hence if we re-define Gr as the graph obtained from G(P) by 
deleting only the vertices of F, then a similar argument as the above leads to a 
contradiction, too. Finally, consider the prism case (5, 4, 4) and (6, 4, 4). Suppose 
the graph of (6, 4, 4) is isomorphic to an induced subgraph (X> for some X c E 2. 
Then since (X> is triangle-free, no pair of edges cross each other, and no vertex 
of (X> lies inside a 4-cycle of (X). But there must be a pair of cycles whose 
interior regions overlap. Hence a 6-cycle of (X> must be entirely inside the other 
6-cycle of (X), that is, (X> would be of the form depicted in Fig. 2. Then in the 
larger 6-cycle there must be three consecutive vertices u, v, w such that the angle 
,~uvw <~ 120 °. Let x be the vertex of the smaller 6-cycle that is adjacent o v. 
Then Kuvx <<- 60 ° or ~xvw <~ 60 °. Hence Ilu - xll < 1 or IIw - xll 1. Thus in 
either case there appears a triangle, a contradiction. Hence the sphericity of 
(6, 4, 4) must be greater than 2. A similar argument will do for (5, 4, 4), too. [] 
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